We investigate the gravitational collapse of a non-rotating n-dimensional BTZ black hole in AdS space in the context of both classical and quantum mechanics. This is done by first deriving the conserved mass of a "spherically" symmetric domain wall, which is taken as the classical Hamiltonian of the black hole. Upon deriving the conserved mass, we also point out that, for a "spherically" symmetric shell, there is an easy and straight-forward way of determining the conserved mass, which is related to the proper time derivative of the interior and exterior times. This method for determining the conserved mass is generic to any situation (i.e. any equation of state), since it only depends on the energy per unit area, σ, of the shell.
I. INTRODUCTION
The question of gravitational collapse is always an interesting question in theoretical physics; whether it be to study the classical formation of a black hole [1] [2] [3] [4] , quantum formation of a black hole [5] , induced quasi-particle production [6] , or thermalization processes [7, 8] and different kinds of entropies [9, 10] within the context of the AdS/CFT correspondence. Moreover, due to the applications using the AdS/CFT correspondence, gravitational collapse in AdS has become of greater importance. Therefore, it is worth investigating the gravitational collapse of an n-dimensional, massive, BTZ black hole in AdS. In this paper we will investigate the gravitational collapse in the context of the Gauss-Codazzi equations.
In Section II we review the Gauss-Codazzi equations. Here, we are interested in the Gauss-Codazzi equations for a general, spherically symmetric, (n − 1)-dimensional hypersurface embedded in an n-dimensional space-time. Upon reviewing the Gauss-Codazzi equations, we also point out a straight-forward method for determining the conserved mass of the collapsing shell, which only depends on the proper-time derivative of the interior and external time coordinates. In Section III we specialize to an n-dimensional BTZ black hole and derive the conserved mass using the straight-forward method found in Section II. Since the mass is a conserved quantity, we may treat it as the Hamiltonian of the collapsing shell, which we will use to derive the classical and quantum equations of motion for different observers. Here, we have chosen the most relevant observers; the asymptotic, which is stationary at spatial infinity, and infalling (one who is falling together with the collapsing domain wall). The quantum collapse for both observers are obtained by utilizing a minisuperspace version of the functional Schrödinger equation originally developed in Ref. [2] . In Section IV we study the classical and quantum equations of motion from the point of view of an asymptotic and in Section V, we study the classical and quantum equations of motion from the viewpoint of an infalling observer. As far as the quantum collapse is concerned, the most important domains of interest are the near horizon regime, for the asymptotic observer, and the near classical singularity regime, for the infalling observer. In Section IV B we explore quantum effects in the near-horizon limit for an asymptotic observer and show that the horizon takes an infinite amount of time to form, in agreement with the classical result. In Section V B we explore the quantum effects near the classical singularity and demonstrate that the wavefunction describing the collapsing domain wall is non-singular at the origin with non-local effects, which were absent at large distances. Our results, however, are in the absence of quantum radiation and the fluctuations of the metric which may alter our results.
II. THE EQUATIONS
In this section we will summarize the setup in [11] and follow the notation found therein. As in [11] , we will let S denote an infinitely thin, and for our purposes, (n − 1)-dimensional time-like hypersurface, which contains a delta function stress-energy, and let ξ a be its unit space-like normal (ξ a ξ a = 1). The (n − 1)-metric intrinsic to the hypersurface S is
where g ab is the n-metric of the space-time. Additionally, we take ∇ a to denote the covariant derivative associated with g ab and
be the covariant derivative on the induced (n − 1)-dimensional hypersurface. The extrinsic curvature of S, denoted by Π ab , is defined by
The contracted forms of the first and second Gauss-Codazzi equations are then given by
Here (n−1) R is the Ricci scalar curvature of the (n − 1)-geometry, Π is the trace of the extrinsic curvature, and G a b is the Einstein tensor in n-dimensional space-time.
As mentioned above, we will be working with infinitely thin domain walls so that the stress-energy tensor T ab of the three-dimensional space-time has a δ-function singularity across it. Since the extrinsic curvature is analogous to the gradient of the Newtonian gravitational potential, this in turn implies that the extrinsic curvature has a jump discontinuity across S. Therefore we can introduce the difference between the exterior and interior extrinsic curvatures as Π ab,+ − Π ab,− = [Π ab ] and the stress-energy on the hyper surface as the integral over the three-dimensional space-time stress-energy
where l is the proper distance through S in the direction of the normal ξ a , and where the subscripts ± refer to values just off the surface on the side determined by the direction of ±ξ a . Hence the direction for, say +ξ a , will be in the direction of the exterior geometry of the domain wall. In general, these geometries will be different for the case of the spherically symmetric domain wall. Using Einstein's and the Gauss-Codazzi equations, one can show that (see [12] )
We can also introduce the "average" extrinsic curvaturẽ
which will be important later. 1 For our current purposes, we will restrict ourselves to sources for which the material source for the stress-energy tensor is that consisting of a perfect fluid, see [11] ,
In (8), u a is the four-velocity of any observer whose world line lies within S and who sees no energy flux in his local frame 2 , σ is the energy per unit area and η is the tension measured by the observer. Typically, η takes on one of two values 3 ; for a dust wall, it is well known that η = 0, while for a domain wall η = σ. These solutions come from taking the difference of the Codazzi equation (5) on opposite sides of S, and using (1) and (9), one finds
However, contracting with u a , we then obtain 4
Hence, for dust we have
which is just the rest mass of the collapsing shell. However, one can in addition to these, use different equations of state for the shell. Let the vector field u a be extended off S in a smooth fashion. The acceleration is then
which, by virtue of the extrinsic curvature, has a jump discontinuity across S. The perpendicular components of the accelerations of observers hovering just off S on either side satisfy
and
The second term on the right-hand side of (11) takes into account the contributions to the energy-tensor T ab that are not confined to S, which are present in the vacuo on opposite sides of S. For example, if there is only mass present, then T ab vanishes off the shell, hence the second term is zero. However, in the case that charge is present in S, then T ab does not vanish in the exterior vacuum and the contribution to T ab outside can be taken from the Maxwell tensor.
We now wish to determine the conserved mass of an n-dimensional, "spherically" symmetric shell. Our initial calculation is general for any "spherically" symmetric metric, however in the following sections we will specialize to considering AdS space-time for massive shells.
For a "spherical" shell of stress-energy, let the unit normal ξ + point in the outward radial direction. Here we take the interior and exterior metric as,
The four-velocity u a is a time-like unit vector that is orthogonal to the space-like unit normal ξ a , i.e., uau a = −1, ξau a = 0, ξaξ a = +1.
The equation of the wall is,
The components for u a and ξ a (a = t ± , r, and angular pieces in that order) and thus given by
where R τ ≡ dR/dτ and τ is the proper time of an observer moving with four-velocity u a at the wall, 0 n−2 is a (n − 2)-dimensional zero vector, and
These expressions and the definitions (2), (3) and (7) imply that
Substituting (16) into (11) and (12) then yields the equations of motion
Before we move on we will make some general comments on the structure of both (17) and (18). Here, we see that R τ τ is always negative provided η, f ′ ± ≥ 0. For our purposes, a circular domain wall with η ≥ 0 will always collapse to a black hole, regardless of its size.
Taking the ratio of (17) and (18) allows us to eliminate R τ τ from the expression. After some algebra this yields
Here we note that (19) may be factorized giving two roots which satisfy the equality, however only one of the two roots is valid. Alternatively, we can notice that from (6) and (8), we can write
or upon contracting with u a u b , this reduces to
Notice that the right-hand side of (20) may be rewritten in terms of the extrinsic curvature
However, using (13) , one can show that the trace of the extrinsic curvature takes the form
Thus, using (12), we can then write (20) as
which finally yields
Notice that (21) only depends on the surface density of the collapsing shell, not on the tension. Thus, we can easily see that the solution for the collapsing shell is the same for both the dust shell and the domain wall, up to the spatial dependence of the surface density. Physically, there there is no distinction between these solutions, since for a domain wall σ is a constant, while for a dust shell σR n−2 is a constant. Furthermore, one can show that (21) yields the same result as the one valid root from (19).
III. BTZ BLACK HOLE IN n DIMENSIONS
From [13] , we take that the exterior metric coefficient f + is given as
and the interior metric coefficient f − is given as
From (21), we can solve for the mass, which is then given by
where in the last line we have rewritten the mass for later convenience. It can be checked that (24) is a constant of motion, which is done in Appendix A.
Since the mass in (24) is conserved, the mass then represents the total energy of the collapsing shell and may be treated as the Hamiltonian of the system. We will then determine the equations of motion for the collapsing shell using the conserved mass in (24) as the Hamiltonian system. However, since the Hamiltonian is not invariant under change of coordinate system, we will work with the Lagrangian for the system. The Lagrangian is given by,
IV. ASYMPTOTIC OBSERVER
In this section we will obtain the classical and quantum equations of motion as viewed by an asymptotic observer.
Since we are interested in the asymptotic observer, we must transform the Lagrangian in (25) to the coordinate time, which may be done by considering the effective action. Under the change of coordinates, the Lagrangian (25) takes the form
whereṘ = dR/dt and α + is given in (14), which can be rewritten in terms ofṘ
(27)
Using (27), we can rewrite (25) as
(28) The generalized momentum, P , may be derived from (28), and is given by
Using (29), we can then write the Hamiltonian in terms of t as
(30) We are, however, interested in the near horizon evolution of the collapse; that is, the last moments of the collapse. Therefore, we are interested in when R is close to R H , where R H is the horizon radius, or when f + → 0, in which case f − → const, which in this case is f − = R 2 H /ℓ 2 . In this limit, we can then rewrite (29) as
where
and f − is evaluated at R = R H . In this limit, we may also rewrite the Hamiltonian (30) as
We may invert (31) and solve forṘ as a function of P (t) so that we may rewrite (33) as
We are now in a position to determine the classical and quantum equations of motion for the collapse. Let us determine the classical equations of motion for the collapse first.
A. Classical Equations of Motion
Since the Hamiltonian is a conserved quantity, from (33) we can writė
where h ≡ H(n − 2)/16πµ, or in the near horizon limit becomeṡ
That is, the dynamics of the collapse are given byṘ ≈ −f + , where the negative sign is chosen due to the fact that we are interested in collapse. Using (22), we then have
where R 0 is the radius of the domain wall at t = 0. We can see that, as far as the asymptotic observer is concerned, the classical solution implies that it takes an infinite amount of time for the horizon of the BTZ black hole to form, since R(t) = R H only as t → ∞.
B. Quantum Equations of Motion
From (34), we see that the quantum Hamiltonian, as far as the asymptotic observer is concerned, is the same as the quantum Hamiltonian found in [2, 4, 6] , hence we can write the solution as a Gaussian wave-packet solution which is shrinking 5 while it is propagating toward the horizon
where u = dR f + and s is the width of the wave packet. In the u-coordinate, the horizon has been moved to u = −∞, hence it takes an infinite amount of time for the wave packet to reach the horizon and hence does not contradict the classical equation of motion.
V. INFALLING OBSERVER
In this section we will obtain the classical and quantum equations of motion for both the massive and massivecharged shells as viewed by an infalling observer; that is, an observer who is riding along the shell.
Starting with (25) we may determine the generalized momentum for the infalling observer to be
which may be inverted so that we may rewrite the Hamiltonian (24) as
We may now determine the classical and quantum equations of motion for the collapse. As with the asymptotic observer, let's determine the classical equations of motion first.
A. Classical Equations of Motion
From (24), the velocity of the domain wall, as far as the infalling observer is concerned, is given by
whereh = (n − 2)H(τ )/16πσ. Even though the integral for R may be performed exactly, the solution may not be inverted to solve for R(τ ). Thus, we will seek an approximate solution. As a zeroth order approximation, (38) is just a constant in the region R ∼ R H , so that the solution is
where again the minus sign is chosen due to the collapse of the shell and R 0 is again the initial position of the collapsing domain wall at τ = 0. As is expected, the infalling observer will see the horizon formed in a finite amount of time. Another interesting limit is the time it takes for the domain wall to collapse down to the classical singularity, which is located at R = 0. In the limit R → 0, the position of the domain wall goes as R ≈ R n−1
, so that the time taken to reach the classical singular is also finite.
B. Quantum Equations of Motion
For the infalling observer, the more interesting limit is the near singularity limit of the collapse, hence the R → 0 solution. From (38), near the classical singularity the velocity of the domain wall goes as
which is divergent. Since the velocity is negative near the classical singularity the Hamiltonian, written in terms of the conjugate momentum, may be written as
We can see that (39) is non-local since it depends on an infinite number of derivatives, due to the R −1 term in the exponential, and may not be truncated after a few derivatives, unlike a local Hamiltonian. Another way to see this is to note that (39) has the structure of a translation operator that generates an imaginary translation. If we define the new variable z = R 2 , then we can rewrite (39) as
Hence (40) translates wave function by a non-infinitesimal amount: i 8πσ in z and i 8πσ in R. That is, as the collapsing shell approaches the classical singularity, the wave function is related to its value at some distance point:
At the classical singularity, on the other hand, (40) simplifies to
where the wave function at some distant point is finite. From this, we can then see that the wave function is constant and finite at the origin.
VI. CONCLUSION
In this paper we studied the gravitational collapse of an n-dimensional, spherically symmetric, BTZ black hole, which is represented by an infinitely thin domain wall using the Gauss-Codazzi formalism. Interestingly, along the way we showed that, at least in the context of a spherically symmetric dust shell or domain wall, the equation of motion of the shell 6 can be straightforwardly determined from the proper time derivatives of the interior and exterior time coordinates, see (21). The Gauss-Codazzi formalism allowed us to determine the conserved mass of the domain wall, which may be interpreted as the Hamiltonian of the system. Using the conserved mass, we then determined the both the classical and quantum equations of motion for the domain wall in locations of interest from different viewpoints. As far as the collapse is concerned, the most relevant observers are the asymptotic observer and the infalling observer.
In Section IV we studied the collapse from the viewpoint of an asymptotic observer, both classically and quantum mechanically. Classically, we found that the horizon is only formed after an infinite amount of observer time, independent of the number of dimensions, as is expected from the infinite gravitational redshift associated with the formation of the horizon. Quantum mechanically, we found that, in the absence of Hawking radiation and back reaction on the metric, again the horizon is only formed after an infinite amount of observer time. This result implies that simply quantizing the matter shell doesn't lead to fluctuations of the horizon which will allow the horizon to be formed in a finite amount of observer time. 7 In Section V we studied the collapse from the viewpoint of an infalling observer, which is an observer who is riding on the surface of the domain wall, hence is determined by the proper time of the shell. Classically, we found that the horizon is formed in a finite amount of proper time, regardless of dimensionality, which is expected since locally the metric is flat and the horizon does not present itself as a problem for this observer. Quantum mechanically, we investigated the collapse of the domain wall as it neared the classical singularity, R → 0. Here, we found that the Hamiltonian takes on the form of a translation operator, (39), which translates the wave function by a non-infinitesimal amount. That is to say, the wave function at a given point depends on the wave function at a distant point. The distant point depends on the energy density of the domain wall; that is, the smaller the energy density, the further the point is. Thus, the wave function displays non-local behavior. 8 Furthermore, we found that the wave function is finite and constant near the classical singularity, regardless of the dimensionality.
